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O ■ 1 Introductions 

en _ 

Let M be an n-dimensional semi-Riemannian submanifold of a semi-Euclidean 
space and (/> be a mapping defined on M into another semi-Euclidean space. 

^ I Considering the spectral decomposition of (j) with respect to the Laplace 

H ' operator A of M is one of the natural ways to study (/). Moreover, if (j) is 

" " " one of geometrically important mappings on M such as its Gauss map or 

its position vector, then understanding spectrum of (p may play great role 
to understand geometry of M. In this direction, the notion of finite type 
mappings was introduced by B. Y. Chen in late 1970's. Many works have 
been published in this topic, [31 HI El El El [9] . 

By the definition, if the mapping (p can be expressed as a sum of finitely 
many eigenvectors of A, then it is said to be of finite type. More precisely, 
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if these eigenvectors are corresponding from k distinct eigenvalues of A, 
then (j) is said to be of fc-type. Some important results about finite type 
mappings defined on semi-Riemannian submanifolds have appeared sofar 

(cf. PIEO]). 

Particularly, the Gauss map of submanifolds has been worked in several 
articles in terms of being finite type after some results on the submanifold 
with 1-type Gauss map or 2-type Gauss map had been given in [9]. The 
Gauss map u of the submanifold M is 1-type if and only if it satisfies 

Au = \{u + C) (1.1) 

for some A € M and some constant vector C. However, there are some 
geometrically important submanifolds whose Gauss map satisfies a weaker 
condition. It is well-known that the Laplacian of the Gauss map of surfaces 
such as helicoids and catenoids in the 3-dimensional Minkowski space-time 
and generalized torus in the 4-dimensional Euclid space takes the form of 

^u = f{v + C) (1.2) 

for some smooth function f on M and some constant vector C. A subman- 
ifold with the Gauss map satisfying (II. 2p is said to have pointwise 1-type 
Gauss map (cf. [13 [IS [TTl [22] ) . 

On the other hand, marginally trapped surfaces play an important role 
in the concept of trapped surfaces, introduced by Penrose in [18]. Let M be 
a space-like surface in the Minkowski space-time and H its mean curvature 
vector. In the aspect of general relativity, H measures the tension of the 
surface coming from the surrounding space. M is said to be trapped if H 
is time-like on M. In this case, if H is future- or past-pointing, then M is 
called future- or past-trapped surface, respectively. A trapped surface has 
physical property that the outgoing light rays from it are convergent. It is 
believed that there is a surface, called marginally trapped (or quasi-minimal) 
surface, to which all the light rays are parallel. Furthermore, a marginally 
trapped surface locates the black hole, [2l [T0l [T6]. 

Geometrically, a space-like surface in a 4-dimensional space-time is called 
marginally trapped if its mean curvature vector is light-like. In the very re- 
cent past, many problems in geometry involving marginally trapped surfaces 
in a space-time have been dealed with (cf. [2l [3 [TOl W\\ I16j). For exam- 
ple, complete classification of biharmonic marginally trapped surfaces was 
obtained in [Tj. Haesen and Ortega classified marginally trapped surfaces 
which are invariant under a group of boost isometrics in [16]. Recently, in [2], 
isotropic marginally trapped surfaces were classified by Cabrerizo et al. In 



|21j , a generalization of trapped surfaces was obtained for the submanifolds 
of a Lorentzian space with codimension 2. 

In this article, we study on the Gauss map of marginally trapped surfaces 
in the Minkowski space-time. In Section 2, after we describe our notations, 
which are along the lines of notations used in [lUj . we give a summary 
of the basic facts and formulas that we will use. In Section 3, we give a 
characterization of marginally trapped surfaces with pointwise 1-type Gauss 
map of the first kind. In Section 4, we construct a class of pseudo-umbilical 
marginally trapped surfaces with pointwise 1-type Gauss map of the second 
kind. In Section 5, first, we prove that if the Gauss map of a marginally 
trapped surface in the Minkowski space-time satisfies (II. 2p for C 7^ and 
/ ^ 0, then it must be a member of the family of pseudo-umbilical marginally 
trapped surfaces that we have construced in Section 4. Then, we complete 
classification of marginally trapped surfaces with pointwise 1-type Gauss 
map. Further, we give some methods for construction of marginally trapped 
surfaces with 1-type Gauss map. We also give some explicit examples. 

The surfaces we are dealing with are smooth and connected unless oth- 
erwise stated. 

2 Preliminaries 

2.1 Basic notation, formulas and definitions 

Let E^ denote the pseudo-Euclidean ?7i-space with the canonical pseudo- 
Euclidean metric tensor g of index s given by 



1=1 j = s + l 



'dxf+ ^ dx], 



where (xi, X2, • • • , Xm) is a rectangular coordinate system in E^. We put 

§^-i(r2) = {xeE^: (x,x)=r-2}, 
K-iH-r^) = {x G E™ : {x,x) = -r'^}, 

where ( , ) is the indefinite inner product of E™. In general relativity, E^, 
§|(r^) and IH|(r^) are known as the Minkowski, de Sitter and anti-de Sitter 
space-times, respectively, [TT] . 

A vector C / e Tp(E™) = E™ is called space-like (resp. time-like or 
light-like) if (C,C) > (resp. (C,C) < or {(,() = 0), where rp(E™) denotes 
the tangent space of E^ at p. 



Let M be an n-dimensional immersed semi-Riemannian submanifold of 
the semi-Euclidean space E™ and Levi-Civita connections of E™ and M be 
denoted by V and V, respectively. 

In this section, we shall use letters X, Y, (resp. S,, 1]) to denote vectors 
fields tangent (resp. normal) to M. The Gauss and Weingarten formulas 
are given by 

VjcY = VxY + h{X,Y) (2.1) 

Vxe = -Ai:X + Dx^, (2.2) 

where h, D and A are the second fundamental form, the normal connection 
and the shape operator of M, respectively. On the other hand, the shape 
operator A and the second fundamental form h of M are related by 

{A^X,Y) = {h{X,Y),0- (2.3) 

The mean curvature vector of M is defined by H = -tr/i. 

Denote by R and R^ the curvature tensor associated with the connec- 
tions V and D, respectively. Then, the Ricci equation is given by 

(i?^(X,y)e,r?) = {[A^,A^,]X,Y). (2.4) 

Let M be a surface in the Minkowski space-time E^. M is said to be 
space-like if every non-zero tangent vector on M is space-like. Consider an 
orthonormal frame field {61,62,63,64} on M. The connection forms loab 
associated with this frame field are defined by ujab{X) = (^ x^a-i^b) and 
satisfy ujab + ^BA = for ^4, i? = 1, 2, 3, 4. 

The Gaussian curvature i^ of M is defined hy K = i?(6i, 62, 62, 61). A 
surface is said to be fiat if i^ = 0. The normal curvature K^ of M is defined 
by K = i? (61, 62; 63, 64). If K vanishes identically, M is said to have 
flat normal bundle. 

Let the mean curvature vector H of M satisfies {H, H) = on M. If 
H is light-like on M then, it is said to be a marginally trapped surface. 
If H vanishes on a part of M, then the surface is called partly marginally 
trapped, [16]. 

Throughout this work we denote the norm of eA by ea, i-e., ea = 
{eAi^A) = T1- In addition, the subscripts u^v etc. denotes the partial 
derivatives with respect to n, v etc. 

2.2 Gauss map 

Let M be an n-dimensional, oriented semi-Riemannian submanifold of the 
semi-Euclidean space E™. We choose a local, orthonormal frame field {61, 62, . . . , 6^} 



defined on M, where ei, 62, • • • , e^ (resp. e„+i, e„+2; • • • , e^ ) are tan- 
gent (resp. normal) to M. Then, the Laplace operator of M with respect 
to the induced metric is defined by 

n 

A = ^ ei{-eiei + Ve^Ci). 
1=1 

Let E™ and G{m — n, m) denote the space of {m — n)-vectors on E^ 
and the Grassmannian manifold consisting of all {m — ?i)-planes through the 
origin of E™, respectively. Note that G{m — n,m) is canonically imbedded 
in A'"~"(E™) and A™'~"(E™) is an N dimensional vector field, where A^ = 
irri^n}- ^ non-degcnerate inner product on A'"~"(E^) is defined by 

(Xi A X2 A • • • A Xm-n, n A y2 A • • • A y™_„) = det{{Xi,Yj)), 

where Xi, Yi £ E™, i = 1,2, . . . ,m — n and {Xi,Yj) denotes the semi- 
Euclidean inner product of the vectors Xi and Yj . We will denote the inner 

product space ('a™-"(E™), (, )) by A"*'". 

Note that, the set B = {{ci^ A Ci^ A ... A ei„_„)(p)| 1 < ii < ^2 < • • • < 
in ^ 1^} is an orthonormal basis for the space A™'". Let S be the number 
of time-like vectors in B. Then, there exist a one-to-one, onto and linear 
isometry from A™'" into E^, because their dimension and index are equal(see 
[T9l p. 52]). Hence, we have G{m — n,m) C A™'" = E™. Therefore, one can 
assume the {m — n)-vector Xi A X2 A . . . A Xm-n as a vector in E;^. 

The smooth mapping 

v.M^ G{m - n, m) C M^-^{e) C Ef ^ A™'" ,^ . 

p h^ zy(p) = (e„+i Ae„+2 A ... Aem)(p) 

is called the (normal) Gauss map of M which assigns to a point p in M the 
oriented {m — n)-plane through the origin of E™ and parallel to the normal 
space of M at p, where 



^-^1) in Ef if e = l 

S.li-l) in Ef if e = -l 






and e = {y, u) = en+ien+2 ■ ■ ■ Sm = ±1, HZ]. 

A semi-Riemannian submanifold M of a semi-Euclidean space E^ is said 
to have harmonic Gauss map if Av = on M. On the other hand, M is said 
to have pointwise 1-type Gauss map if it satisfies (jl.2p for a constant vector 
C G Eg and a smooth fuction / ^ 0. Moreover, a pointwise 1-type Gauss 
map is called of the first kind if (jl.2p is satisfied C = 0, and of the second 
kind if C 7^ 0. Moreover, if (jl.2p is satisfied for a non-constant function /, 
then M is said to have proper pointwise 1-type Gauss map. 



2.3 Eigenvalues of Laplace equation in the plane 

In this subsection, we use the same notation with [13] and review briefly 
some known facts on the eigenvalues of Laplace operator given by 

4> ^ -4>uu - (t>vv, 

where VL is an open bounded subset of M^ with the boundary curve /3 = 50. 
Note that a function is an eigenfunction of A if and only if it is a 
solution of boundary value problem 

/S.(j){u,v) + \(f){u,v) = if(u,t;)ef] , , 

(/) = if(u,t;)G/3. ^ ' 

As A is an elliptic, symmetric operator, the following arguments hold 
(see [151 P- 326-335]). The eigenvalues of A are < Ai < A2 < . . . /^ oo. 
Moreover, there exists an orthonormal basis {4>k\k = 1, 2 . . .} of L^(il) where 
(j)k G -f^d(^) and satisfies (|2.7p for A = Ai,A2,.... The regularity theory 
shows that (p € C°°(r2). Moreover, if /3 is smooth, then cj) G C°°{rL). 

3 Marginally trapped surfaces with pointwise 1- 
type Gauss map of the first kind 



In [14], the author and U. Dursun obtained characterization of space-like 
surfaces in the Minkowski space-time with pointwise 1-type Gauss map of the 
first kind. In this section, we give a short brief of the results on marginally 
trapped surfaces obtained in [H]. 

First, we obtain the Laplacian of the Gauss map in the following lemma. 

Lemma 3.1. Let M he an oriented, partly marginally trapped surface in 
the Minkowski space-time and {61,62} he a local orthonormal base field of 
the tangent hundle of M . Then, the Laplacian of the Gauss map v given by 
([23D is 

2 
Ai/ = - 2Ku + 2i^^ei A 62 + 2 ^ De.i^ A 6i, (3.1) 

j=l 

where K , K and H are the Gaussian curvature, the normal curvature and 
the mean curvature vector of M , respectively. 



It is well-known that for a space- like surface M inKf, being parallel of 
H implies K^ = 0. Thus, the next corollary directly follow from Lemma 
EH 

Corollary 3.2. 114^ Let M he a marginally trapped surface in the Minkowski 
space-time. Then, M has pointwise 1-type Gauss map of the first kind if and 
only if M has parallel mean curvature vector. Moreover, M has harmonic 
Gauss map if and only if M is a flat surface with parallel mean curvature 
vector. 

Remark 1 . See [TT] , for the classification of flat marginally trapped surfaces 
in the Minkowski space-time with parallel mean curvature vector. 

In [11] , the classification of marginally trapped surfaces in the Minkowski 
space-time with parallel mean curvature vector is given. By combaining [111 
Theorem 4.1] and Corollary [321 we state 

Proposition 3.3. Jj^[ / Let M be a marginally trapped surface in the Minkowski 
space-time Kf. Then, M has proper pointwise 1-type Gauss map of the first 
kind if and only if it is congruent to one of the following 2 type of surfaces: 



(i) a non-flat, non-parallel surface lying in the de Sitter space-time Sf{r 
for some r > such that the mean curvature vector H' of M in Si{r 
satisfies {H',H') = -r^ ; 



(a) a non-flat, non-parallel surface lying in the hyperbolic space H^{—r'^) 
for some r > such that the mean curvature vector H' of M in 
ff3^_j,2-j satisfies 

{H',H') = r^. 

Proof. Let M be a a marginally trapped surface in the Minkowski space- 
time with proper pointwise 1-type Gauss map of the first kind. Then, M is 
non-flat and it has parallel mean curvature vector, because of Corollary 13. 2[ 
According to [111 Theorem 4.1], a non-flat marginally trapped surface with 
parallel mean curvature vector is congruent to one of the surfaces given in 
the proposition. 

Conversely, if we assume M is congruent to one of the surfaces given 
in the proposition, then Lemma 13.11 implies Az^ = —2Kv, where K is the 
Gaussian curvature of M. Thus, M has pointwise 1-type Gauss map of the 
first kind. Moreover, by a computation using Codazzi and Gauss equations, 
one can see that if the Gaussian curvature of a surface lying in Si{r'^) or 
H^{—r'^) is constant, then it must be zero (see [14] for the details). Thus, 
K ^ implies that K is not constant. D 



4 Gauss map of pseudo- umbilical marginally trapped 
surfaces in Ef 

A submanifold in E™ is said to be pseudo-umbilical if there exists a function 
p such that the second fundamental form h and the mean curvature vector 
H oi M satisfy 

{h{X,Y),H)=p{X,Y) (4.1) 

for all tangent vector fields X, Y of M. In this case, (j4.ip is satisfied for 
the function p given by p = {H,H), [2]. Thus, from (j2.3p and (j4.ip one 
can see that a marginally trapped surface in Kf is pseudo-umbilical if and 
only if the shape operator Ah along the mean curvature vector of M is a 
zero-operator. 

Remark 2. Let M be a (partly) marginally trapped surface in E^ If A^ = 
on M, then M is congruent to the surface given by 

x{u,v) = {<j){u,v),u,v,(l){u,v)), (4.2) 

for a smooth function (/> : Jl — )• M, where Q is an open subset of M? (see the 
proof of Theorem 6.1 in [7] and also [2]). 

Let M be the surface in Kf given by (14.21) for a smooth function cp : Q, ^ 
M. We choose following moving orthonormal frame field {61,62,63,64} such 
that 

d d 

63 = -(0, -,/.„, -(^^,1), (4.3b) 

64 = --(</>^ + </'? + !, </>«, 'Z'^, </'S + <i>l), (4.3c) 



where ^ = y^^^+c^^^TT. Note that from (|4.3bp and (|4.3cp we have 

63-64 = ^(1,0,0,1). (4.4) 

By a direct computation, we obtain a;i2 = and 

1 






A3 = A^ = -{ 7^ 7^ ). (4.5) 



Thus, K = and ()2.4p implies iC^ = on M. Moreover, the mean curvature 
vector H becomes H = — ^(1,0,0,1) because of ()4.4p . Thus, from (j3.ip 
we obtain 

Az. = -(1, 0, 0, 1) A {A(f>uei + A^^ez) . (4.6) 



On the other hand, from ()4.3bp and (|4.4p we have 

V = (1, 0, 0, 1) A (Cea) = (1, 0, 0, 1) A (0, -</.„, -0,, 1). (4.7) 

In the next proposition, we obtain a family of pseudo-umbihcal surfaces 
with pointwise 1-type Gauss map of the second kind. 

Proposition 4.1. Let il be an open, bounded subset o/M^, ^,(/> : $7 — > R 
some smooth functions satisfying 

A^ = F(V'), (4.8a) 

(l){u,v) = iIj{u,v) + ciu + C2V (4.8b) 

for some constants ci, C2 and a differentiable non-constant function F : 
ip{i^) -^ M such that the function / : il — )• M defined by 

f{u,v) = F'{tP{u,v)) (4.9) 

is smooth. Assume that M is the partly marginally trapped surface in the 
Minkowski space-time given by ()4.2p . 

Then, the Gauss map of M is pointwise 1-type of the second kind and 
satisfies (|1.2p for the smooth function f given in (|4.9p and the constant 
vector 

C = -(1,0,0,1) A (0,ci,C2,l). (4.10) 

Proof. Let {ei, 62, 63, 64} be the frame field on M given by (|4.3p . If </> satisfies 
([48]) . then the equations ([ij]), (US]) and (gj]) imply /\v = -/(1, 0,0, 1) A 

{(f)u + ci)ei + {(j)v + C2)e2 ) from which and (I4.3aj) we obtain 

/\v =/(l, 0, 0, 1) A (0, </.„ + ci, </.„ + C2, 0) 

=/((l, 0,0,1) A {Q,-(t>u,-4>vA) - (1,0,0,1) A (0,ci,C2,l)). 

From this equation, ()4.7p and (j4.10p we obtain (jl.2p . Hence, M has pointwise 
1-type Gauss map of the second kind. D 

Next, we obtain the following classification theorem of pseudo-umbilical 
marginally trapped surfaces in E| with pointwise 1-type Gauss map. 

Proposition 4.2. Let M be a pseudo-umbilical marginally trapped surface 
in the Minkowski space-time. Then, M has pointwise 1-type Gauss map of 
the second kind if and only if M is congruent to a surface given in Proposi- 
tion^?^ 



Proof. Let M be a marginally trapped surface in the Minkowski space-time 
given by (j4.2p . We consider the frame field {61,62,63,64} on M given by 
(fOj) . Then, the Gauss map u of M satisfies (jM]) and (gZ])- 

Now, in order to prove the necessary condition, we assume that M has 
pointwise 1-type Gauss map of the second kind. Then, the equation (|1.2p is 
satisfied for a smooth function / ^ and a constant vector C ^ 0. 

If / = on an open, connected subset O of M, then we have (Az^)|^ = 
and ()4.6p implies (A(/))|„ = cq for a non-zero constant cq G K. Thus, (|4.8p 
is satisfied for F = cq on O. Now we assume that / is non- vanishing on M. 

From ([L2]), (gJl) and (gZD we obtain 

(1,0,0,1) AC = -C7, (4.11) 

where C is the vector field given by 

/A0„ A0„ \ 

C= (^^61 + ^^62-^63 1 . (4.12) 

From (|4.1ip we obtain 

= 6i(C7)=6i((l,0,0,l)AC) = (l,0,0,l)AVe,C 

for i = 1,2 from which we see that Vg^C is proportional to (1, 0, 0, 1) which 
is normal to M because of (14. 4p . Thus, the tangent part of Vg^C vanishes 
identically and (|4.12p implies 

V..(^ei + ^62)+e^3(6.) = 0, z = l,2. 

As a;i2 = 0, from these equations, (j4.3ap and (j4.5p we obtain 

61 + 7— 0„ 62 = 



du \ f J du \ f 

61 + 7— 4>v ] e2 = 



dv \ f J dv \ f 

from which we have 

— (Pu = ci and — (Pv = C2 (4.13) 

for some constants ci and 62. These equations imply 

^^,A^„ - VnA^^ = 0, (4.14) 

where ^ is the function given by (|4.8ap . By solving ()4.14p . we obtain ()4.8bp 
for a differentiable function F. 

Converse is given in Proposition 14.11 D 
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5 Marginally trapped surfaces with pointwise 1- 
type Gauss map 

5.1 Marginally trapped surfaces with pointwise 1-type Gauss 
map of the second kind 

Let M be a marginally trapped surface in the Minkowski space-time and 
C : M — )• A^'^(E|) = Eg be a smooth mapping. We consider an orthonormal 
frame field {ei, 62; 63, 64} on M. Then, C can be expressed as 

C = ^ eA^fiC'ABeA Aee, (5.1a) 

1<A<B<4 

Cab = {C,eAAeB), 1<A<B<A. (5.1b) 

Clearly, C is constant if and only if its components satisfy 

ei{CAB) = {C,Ve,eA/\eB + eAAVe,eB), I < A < B < A, i = l,2. (5.2) 

Now, we give the following proposition. 

Proposition 5.1. Let M be an oriented marginally trapped surface in the 
Minkowski space-time. If M has pointwise 1-type Gauss map of the second 
kind, then it is pseudo-umbilical. 

Remark 3. In this subsection, the surfaces we are dealing with does not 
contain any open part with harmonic Gauss map. In expression, for a given 
surface M, we assume that the interrior of the subset {p|(Az^)| = 0} of M 
is empty. 

Proof. Suppose that M is a marginally trapped surface in the Minkowski 
space-time with the Gauss map v. Then, v satisfies p.ip for any local oth- 
ornormal base field {61,62} of the tangent bundle of M. Now, we assume 
that M has pointwise 1-type Gauss map of the second kind, i.e., (|1.2p is sat- 
isfied for a constant non-zero vector C given by (15. ip and a smooth function 
/ ^ 0. As C is a constant vector, its components satisfy ()5.2p . Consider 
the open subset J-" = {p G M\f{p) = 0} and let O be its interrior. Then we 
have O is empty, because of Remark [3l 
Prom (fOI) and (|3T]) we obtain 

2 
- 2Ku + 2K^ei A 62 + 2 ^ DeiH A e, = f{u + C). 
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From which and (|5.1bp we have 



Ci2 = 2if^//, 
(C,FAei) = 0, i = l,2 



(5.3) 
(5.4) 



on the open subset M. = M — T oi M. 

Let {63,64} be an orthonornial basis of the normal bundle of M such 
that £3 = —£4 = 1 and H = a{e^ — 64) for a non-vanishing smooth function 
a. Thus, (j5l^ and ^^ imply 



CjS — C'i4) 



1,2 



from which we get 



(C,Ve^.eiA(63-e4)) =0, 
(C,6iADe,(e3-e4))=0, i,j = l,2 



(5.5) 



(5.6a) 
(5.6b) 
(5.6c) 



on the open set Ai. By a simple calculation using ()5.2p and ()5.6ap . we get 

(C7, Ve, ei A 63 + Cj A Ve^. 63) = (C, Ve^. 6i A 64 + 6i A V e, 64) • (5.7) 

By taking into account (j2.ip and (j2.2p . we see that (j5.7p implies 



(C, Ve^6i A 63 + /l(6i, 6j) A 63 - 6i A A36J + 6j A -Dgj^s) = 
(C, Ve^6i A 64 + /l(6i, 6j) A 64 - 6i A A46J + 6i A De^Ci) . 



hijCsA - hj^^_i)Ci(^3_i) 



^ijC'34 — ^j(3-jnC'j| 



From this equation, (iS.lbp . (j5.6bp and (j5.6cp we obtain 

, /122 satisfy 
(5.8) 



on 7V4. Therefore, the functions C 



12 



C12 
C34 



C2I, (^34, /ill, ^12' 

= 



for a 4 X 2 matrix A given by 



//ifl-Zif, -/l?2 + /^f2\ 
u3 _ l4 f,3 _ f,4 

"12 ''■12 ''11 ''11 

"12 ~ '^12 ~'^22 + ""22 
\h 



.3 _ 1,4. 
'22 ""22 



''12 ''12 



12 



Note that rankA < 2 if and only if ^3 = A^. 

Now we will show that A3 = A^. Suppose A^, 7^ A4 at a point p oi M. 
Then, from (j5.8p we see that there exists a neighborhood Mp of p on A^ such 
that C34 = C12 = on Mp. Thus, (j5.3p implies K^ = on Mp, i.e. the open 
part Mp of M has flat normal bundle. Thus, there exist an orthonormal base 
field {61,62} of tangent bundle of Mp such that 

A^ = diag(/if,/if), /3 = 3,4 (5.9) 

for some smooth functions hf , /ig satisfying 

h\ + hl = h\ + h\ = 2a. (5.10) 

On the other hand, we have 6j(C34) = 0, i = 1, 2 on Mp, as C'34|^ = 0. By 
using these equations, (|2.2p and (j5.2p . we obtain 6j(C34) = (C, — (^36^) A 
64 + {A^ei) A 63) = 0, i = 1, 2 from which, (j5.5p and (|5.9p we get 

{h\ - ht)Ci3 = {hi - hi)C23 = 

on Mp. As C ^ 0, these equations and ()5.10p imply h\ — h\ = h^ — h2 = 0. 
Thus, A^ = A4, over Mp which yields a contradiction. Therefore, we have 
proved A^, = A4 on M. 

Since A3 = A4 on Ml, we have Ah = 0. Because O is empty, and the 

M 
functions Qj = {A^ei^ej) are continous, we have Ah = over M. D 

By combaining Proposition 14.21 Proposition 15.11 and Remark [2l we state 
the following classification theorem. 

Theorem 5.2. Let Af he a marginally trapped surface in the Minkowski 
space-time and Ml. Then, M has pointwise 1-type Gauss map of the second 
kind if and only if it is congruent to the surface given in Proposition \4.1\ 



By combaining Proposition 13.31 and Theorem 15.21 we have the following 
classification theorem: 

Theorem 5.3. Let M be a marginally trapped surface in the Minkowski 
space-time and Mi the open subset of M given by Ml = {p £ M\A(j)\p ^ 0}. 
Then, M has pointwise 1-type Gauss map if and only if Ml is union of these 
type of surfaces. 

(i) a non-flat, non-parallel surface lying in the de Sitter space-time Si{r'^) 
for some r > such that the mean curvature vector H' of M in Sf{r'^) 
satisfies {H',H') = -r^ ; 
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(a) a non-flat, non-parallel surface lying in the hyperbolic space H^{—r'^) 
for some r > such that the mean curvature vector H' of M in 
H^{—r'^) satisfies 

{H',H')=r^; 

(Hi) a surface congruent to the surface given in Proposition \4-l\ 



By combaining Proposition 14. II and Theorem 15. 31 we obtain classification 
of marginally trapped surfaces with 1-type Gauss map. 

Proposition 5.4. Let M be a marginally trapped surface in the Minkowski 
space-time. Then, M has non-harmonic 1-type Gauss map, if and only if 
it is locally congruent to the surface given by (j4.2p for a smooth function 
(/) : il — 7> M satisfying Helmholtz equation 

A<t) + Xcp = ciu + C2V (5.11) 

for some constants X ^ 0, ci, C2. 

A surface is said to be null 2-type if its position vector x can be expressed 
as a sum x = xq -\- xi for some non-constant mappings xq and xi such that 
Axo = and Axi = Xxi, A G M — {0}. Next, we want to give the following 
corollary of Proposition 15.41 

Corollary 5.5. If a marginally trapped surface M has non-harmonic, 1-type 
Gauss map, then it is null 2-type. 

Proof. We assume that M is the surface given by (j4.2p for a smooth function 
(j) satisfying (15. lip . We define the mappings xq and xi as 



and 



xq{u,v) = y- —,u,v,- — 

xi(m, u) = (^0 + -, 0, 0, + - 

We see that these mappings satisfy x = xq + xi, Axq = and Axi = Xxi. 
Hence M is null 2-type. D 

5.2 Examples 

In this subsection we present explicit examples of (partly) marginally trapped 
surfaces with pointwise 1-type Gauss map. We also give construction of 
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marginally trapped surfaces with 1-type Gauss map for a given boundary 
curve. 

In the first example, we construct a marginally trapped surface with 
proper pointwise 1-type Gauss map of the second kind. 

Example 1. Let e > and fi^ = {(n, v)\e < u + v < 1} and : $7 ^ M be a 
function given by 

1 

[u, V) = exp 



u + V 



Then, by a direct calculation, we see that i;^ : il^ — )• K satisfies ()4.8p for the 
differentiable function 

F((/)) = (-2(ln(/.)^-4(ln,/.)^)(/) (5.12) 

is differentiable and the function given by (j4.9p becomes 



12 12 2 

f{u, v) = -- — -—2 - - — —^ - - — —^ (5.13) 

which is smooth on il^. Hence, Proposition 14.11 implies that the marginally 
trapped surface M given by (14. 2p has pointwise 1-type Gauss map of the 
second kind. 

In the next example, we construct a marginally trapped surface with the 
boundary of a square lying in the space-like plane 11 = {(0, u, v, 0) \u, w G M}. 

Example 2. The function (j)[u,v) = sm{mTx)sin{mry) solves the boundary 
value problem (j2.7p for Q = (0,1) x (0,1), where n € N. Therefore, the 
surface given by x = {(j){u, f ), n, v, (j){u, v)) has 1-type Gauss map. Moreover, 
the boundary curve of this surface is the non-smooth curve f3 which is a 
square in the plane 11. 

In the next proposition, we give a generalization of Example [2] and obtain 
construction of marginally trapped surfaces in the Minkowski space-time 
with 1-type Gauss map for a given (smooth or non-smooth) boundary curve. 

Proposition 5.6. Let f3 he a continuous Jordan curve lying in a space- 
like plane of the Minkowski space-time. Then, for each eigenvalue Xk of 
operator A given in ()2.6p there exists a (partly) marginally trapped surface 
Mfc with the boundary (3 and 1-type Gauss map satisfying p.2p for / = Afc 
andC = (1,0,0,1) A (0,0,0,1). 

Proof. Up to isometrics of the Minkowski space-time, we assume that j3 is 
contained by the space-like plane 11 = {(0, n, u,0)|n, v € M}. Let f] be the 
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open subset of 11 bounded by /3. As /3 is a Jordan curve, Q is connected. 
Consider a solution (j)^ of the boundary value problem given in ()2.7p for an 
eigenvalue A^ of (j2.6p . Then, (pk is smooth (see Section [23]) and satisfies 
(I5TT]1 for ci = C2 = 0. 

Let Mfc be (partly) marginally trapped surface in the Minkowski space- 
time given by ()4.2p for (j) = (j)^. Then, (j) satisfies ()4.8p for the function 
F = \k4>- Moreover, the function / given by (|4.8p becomes a constant 
function. Thus, it is smooth. Hence, M^ has 1-type Gauss map because of 
Proposition 14.11 Moreover, as (/)fc = on 50 = /3, /3 is the boundary curve 
of Mfc. D 

In the next example, we construct a partly marginally trapped surface 
with 1-type Gauss map whose boundary curve is smooth. 

Example 3. Consider the function defined by : il — )• M 

{Jl ( k\/u^~+V^ ) " ,. 9 9 

Vn^+.^ if ^<U^ + V^<1 

if ^2 + ^,2 = 0, 

where Ji denotes the Bessel function of the first kind of order 1, given by 

il = {(n, v) I u^ + t;^ < 1} and k is the first zero of Ji. Then, i;^ satisfies ()5.1ip 
for A = 1, ci = C2 = 0. Thus, the surface given by x = ((/>(«, v),u, v, 4>{u, v)) 
has 1-type Gauss map. Moreover, the boundary curve of this surface is a 
circle in the plane H. M is partly marginally trapped because -ff = at 
p = x(0, 0). Note that the function (j) is obtained by using a solution of (|2.7p 
for the given O. 
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